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Abstract. We investigate the statistical nature of the dark matter particles produced in
bouncing cosmology, especially, the evolution of its thermal fluctuations. By explicitly de-
riving and solving the equation of motion of super-horizon mode, we fully determine the
evolution of thermal perturbation of dark matter in a generic bouncing background. And
we also show that the evolution of super-horizon modes is stable and will not ruin the back-
ground evolution of a generic bouncing universe till the Planck scale. Given no super-horizon
thermal perturbation of dark matter appears in standard inflation scenario such as WIMP(-
less) miracles, such super-horizon thermal perturbation of dark matter generated during the
generic bouncing universe scenario may be significant for testing and distinguishing these
two scenario in near future.
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1 Introduction
In history, a new theory of early universe used to be motivated by the initial condition prob-
lems of the last old one theory. For instance, to solve the initial condition problems of the
Big Bang Theory, i.e. Horizon and Flatness problems, the inflation scenario with the idea
modeling exponential expansion of universe using simple scalar fields are proposed [1]. Re-
markably, beyond this original motivation that solving the initial condition problems of Big
Bang Theory, the inflation scenario has also led to a lot of great progress in the study of cos-
mology. Particularly, it generates a nearly scale invariant power curvature spectrum [2] that
agrees well with the current array of observations of Cosmic Microwave Background(CMB)
spectra [3, 4]. Coming along with such great success, the inflation scenario also suffers from
its own initial condition problem, the initial singularity problem [5](similar to the Big Bang
Theory). It motivates cosmologists to develop new theories of early universe to solve such
initial condition problem.
In recent years, to address this initial singularity problem of the inflation scenario, many
efforts utilizing a generic bouncing feature of early universe have been made [6–16]. According
to these bouncing universe models, which used to be inspired by the underlying physics
such as string theory and quantum loop theory, universe is bouncing from the contracting
phase to expanding phase with non-zero size [17–19]. Therefore, the initial singularity from
which the inflation scenario inevitably suffers then can be avoided in the bouncing universe
scenario. Moreover, a stable and scale-invariant curvature spectrum that is compatible with
current observations and free of initial singularity and fine-tuning problems has been obtained
recently in the bouncing-universe scenario [20, 21].
Encouraging by this finding, Big Bounce Genesis, the idea of using the mass and cross
section of dark matter as a smoking gun signal for the existence of the bouncing universe,
– 1 –
was first proposed in [22](also see [23, 24]). By explicitly computing the thermal equilibrium
and out-of-equilibrium productions of dark matter, a novel relation of cross-section, mass
and relic abundance of dark matter, Ωχ ∝ 〈σv〉χm2χ, that compatible with the observational
constraints of dark matter energy density fraction, are obtained in the generic bouncing
universe scenario [22]. This characteristic relation, which is different from the predictions,
Ωχ ∝ 〈σv〉−1χ m0χ, of the dark matter models in the inflation scenario such as WIMP and
WIMP-less miracles [25–29], can be used to check against the data from the worldwide
effort of recent and near future (in-)direct and collider detections of dark matter [30–46], to
determine whether or not universe undergoes a big bounce at a very early stage of cosmic
evolution [47]. Furthermore, the recently observed GeV Excess of Gamma ray signal from
central Milk Way [48] also can be explained and well fitted by using this characteristic relation
to compute the annihilation process of dark matter in big bounce genesis [49].
In the view of fast development of the bouncing universe and big bounce genesis, we
are well motivated to investigate more details of the thermodynamic nature and perturbative
properties of dark matter in the bouncing universe scenario, which may impose further theo-
retical and observational constraints and provide new predictions on the big bounce genesis
and bouncing universe scenario.
In this paper, we work out the whole evolution of the total energy and thermal per-
turbations of dark matter in a generic bouncing universe. We prove that the evolution of
super-horizon mode of dark matter thermal perturbation is stable and does not ruin out the
cosmological background of a generic bouncing universe till Planck scale.
Following are the contents and organization of this paper. In Section 2, we briefly review
the Big Bounce Genesis, a generic scenario for dark matter production in bouncing universe,
based on our previous works [22–24]. It is the fundament of the issues we investigate in
this paper. In section 3, we calculate the total energy and total energy fluctuation of dark
matter for a given sub-horizon volume in the bouncing cosmological background by utilizing
conventional thermodynamics. The famous relation, 〈δEχ〉2/〈Eχ〉2 = N−1χ , is re-obtained.
By applying these results into Big Bounce Genesis, the total energy of dark matter is obtained
as a function of the cross-section and mass of dark matter and the background temperature.
And we show that, for the whole evolution of the bouncing universe, the total energy of
dark matter is sub-dominated and takes a nearly constant fraction among the total energy
of cosmological background in the given sub-horizon volume.
In Section 4, we propose an integrated scheme to investigate the evolution of both super-
horizon and sub-horizon thermal perturbation modes in the contracting and expanding phase
of a generic bouncing universe. At first, we compute the evolution of the sub-horizon thermal
fluctuation mode of dark matter in the contracting phase by utilizing the k−l correspondence
under Fourier transformations. Furthermore, we explicitly derive and solve the equation of
motion for the super-horizon thermal perturbations of dark matter. Then, by utilizing the
matching conditions on the horizon-crossing, the evolution of these super-horizon modes
are fully determined with the knowledge of the sub-horizon modes. Afterwards, we use
the matching conditions on the bouncing point to determine the evolution of super-horizon
thermal fluctuation mode of dark matter in the expanding phase. Thus the whole evolution of
the sub-horion and super-horizon thermal perturbations of dark matter are fully determined
in both contracting and expanding phases of a generic bouncing universe.
In Section 5, we prove that the evolution of super-horizon modes is stable in a generic
bouncing background till the Planck scale. The discussions, summary and prospects for the
theoretical and observational issues of thermal perturbation of dark matter in a bouncing
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universe are made at the Section 6.
2 A brief review of Big Bounce Genesis
In big bounce genesis scenario [22–24], dark matter particles are produced thermally by the
annihilation of other light particles in the hot plasma of cosmological background. As long
as universe contracts, the temperature of background is rising to be larger than the mass of
dark matter particle, therefore, dark matter particles are produced efficiently during the con-
tracting phase. According to the bouncing cosmology, at the end of the contracting phase,
universe is bouncing to an expanding phase. In the early stage of expanding phase, the
temperature of background is still larger than the mass of dark particle, so that the dark
matter is also produced efficiently. As long as universe continue to expand, the temperature
of the background, eventually, falls below the mass of dark matter, then the thermal produc-
tion of dark matter is exponentially suppressed, and the freeze-out process of dark matter
commences. Generically, such a thermal production mechanism is model independent and
irrelevant to the details of realization of bounce [24, 50].
For the thermal production of dark matter, a generic bouncing universe can be divided
schematically into three stages [22, 24], as following, as shown in Fig. 1.
1. Phases I: the pre-bounce contraction, in which H < 0 and mχ ≤ T ≤ Tb ;
2. Phases II: the post-bounce expansion, in which H > 0 and mχ ≤ T ≤ Tb ;
3. Phases III: the freeze-out phase of dark matter particles, in which H > 0 and mχ ≥ T ;
whereH is Hubble parameter taking negative value in the pre-bounce contraction and positive
value in the post-bounce expansion and the freeze-out phase, mχ the mass of dark matter. T
and Tb are the temperatures of the cosmological background and of the short bounce process,
respectively. In other words, Tb is a critical temperature of the phase transition from standard
physics regime into new physics one, which drives the bounce. Since the dark matter mass is
assumed to be much lager than the energy scale of the matter-radiation equality, these three
stages are all radiation-dominated in which H2 ∝ a−4 ∝ T 4.
As shown in Fig. 1, the pre-bounce contraction and post-bounce expansion are connected
by a short bouncing process, which is highly model-dependent and we call it as bounce point
for simplification. The details modeling of this bounce point, which mostly relies on more
fundamental theories such as string phenomenology and quantum loop gravity, is an actively
research field and have been hotly contested(for example see [7, 10–12, 14, 15, 51–56, 56–65]).
But luckily, for the purpose of analyzing the dark matter production, the effect around the
bounce point is sub-leading since the cosmological evolution of the bounce point is assumed
to be smooth and entropy-conserved [50] and its characteristic time is very short comparing
with the time-scale of dark matter production. Such consideration leads a matching condition
for the number density of dark matter, nχ, at the bounce point,
n−χ (Tb) = n
+
χ (Tb). (2.1)
where superscripts − and + are used to label the contracting and expanding phase respec-
tively. With this matching condition, the output of dark matter particles in the pre-bounce
contraction becomes the initial abundance of dark matter in the post-bounce expansion. And
before phase I in the bouncing universe scenario, the temperature of the background, T ≤ mχ
– 3 –
ta
Bounce Point
Contraction Expansion
Freezing-out
T=mΧ T=Tb T=Tb T=mΧ
I II
III
Figure 1. Three stages for the dark matter production in a generic bouncing universe: the pre-bounce
contraction (phase I), the post-bounce expansion (phase II), and the freeze-out of the dark matter
particles (phase III), where the x-axis and y-axis are labeled by the physical time of cosmological
evolution and the scale factor of universe respectively.
, is too low to produce dark-matter particles efficiently; the number density of dark-matter
particles can thus be set to zero at the onset of the prebounce contraction phase,
n−χ (T = mχ) = 0. (2.2)
By solving the Boltzman equation, which governs the production of dark matter parti-
cles,
d(nχa
3)
a3dt
= 〈σv〉χ
[(
n(0)χ
)2 − n2χ] , (2.3)
with the initial condition Eq.(2.2) and matching condition Eq.(2.1) , the details of evolution
of number density of dark matter in a generic bouncing universe are unveiled in [22].
It turns out that dark matter particles can be produced in two different avenues, thermal
equilibrium production and out-equilibrium production, in a generic bouncing universe as
shown in FIG. 2.
In the case of thermal equilibrium production(the upper dash-dotted lines in FIG. 2),
the dark matter particle with large cross-section are produced very efficiently during the
pre-bounce contracting phase and post-bounce expanding phase, so that the dark matter
abundance achieves and tracks its thermal equilibrium value until the freezing-out phase.
Since the thermal equilibrium value of dark matter is fully determined by the parameters
of cosmological background such as temperature, the relic abundance predicted by this case
is identical to the prediction of the models in the standard inflationary cosmology such as
WIMP and WIMP-less miracles(the dashed black frame in FIG. 2) [22, 25, 26, 29].
The novel case in big bounce genesis scenario is the out-equilibrium production av-
enue(the lower lines in FIG. 2). if the cross-section of dark matter particle is small enough,
the production of dark matter is inefficient, so that its abundance can not achieve the thermal
equilibrium value no matter how high the temperature of bounce is. In this case, dark matter
takes a very weak freezing-out process that the informations of early universe evolution are
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Figure 2. The evolution of number density of the dark matter in a generic bouncing universe.
preserved in the relic abundance of dark matter, which leads a new characteristic relation of
dark matter cross-section and mass that compatible with current observations(c.f. Branch
B in Table II of [22]),
〈σv〉 = 7.2× 10−26m−2χ , mχ  432 eV (2.4)
where 〈σv〉 is the thermally averaged cross-section of dark matter. As mentioned on above,
this relation can be used to check against recent and near future data from experiments of
dark matter to determine whether or not universe undergoes a big bounce at a very early
stage of cosmic evolution [47, 66]. And for more details of big bounce genesis, please refer
the literatures [22–24].
3 Total Energy of Dark Matter in a Generic Bouncing Universe
Preliminary Follow the conventional thermodynamics approach [67], the canonical partition
function of a single dark matter particle in relativistic limit, pχ  mχ, takes following form,
zχ = (aL)
3
∫
d3pχ
(2pi)3
e−β
√
p2χ+m
2
χ =
C3
pi2
, (3.1)
where pχ and mχ are the momentum and mass, respectively, of a single dark matter particle,
a is the scale factor of universe, L is a given conformal length smaller than Hubble horizon
aL ≤ H−1 ≡ (a˙/a)−1, C ≡ aLβ is constant in an adiabatic cosmological background, and we
take β ≡ (kBT )−1 and use natural units h = c = kB = 1 throughout this paper. Then the
grand partition function Z can be written as,
Zχ =
∞∑
N=0
1
N !
eβµNzNχ = exp(e
βµzχ) (3.2)
where µ is the chemical potential, and N ! appears because the dark matter particles are
considered to be indistinguishable. The total energy of dark matter is
〈Eχ〉 = − ∂
∂β
lnZχ = −µeβµzχ (3.3)
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And the total energy fluctuation of dark matter in the given sub-horizon volume is
〈δEχ〉2 = 〈E2χ〉 − 〈Eχ〉2 =
∂2 lnZχ
∂β2
= µ2eβµzχ (3.4)
Stability By rewriting µ as a function of the equilibrium number density, n
(0)
χ =∫
d3k
(2pi)3
e−β
√
k2χ+m
2
χ , and the number density, nχ = e
βµn
(0)
χ , of dark matter [29],
µ = β−1 ln
(
nχ
n
(0)
χ
)
, (3.5)
the famous relation of 〈δEχ〉2/〈Eχ〉2 is re-derived,
〈δEχ〉2
〈Eχ〉2 =
n
(0)
χ
nχ
z−1χ =
1
Nχ
, (3.6)
where Nχ = nχ(aL)
3 is the total number of dark matter particles and is much larger 1 for
the L we interested in. It implies that the related thermodynamical quantities can be also
well-defined in the bouncing universe scenario. And the total energy fluctuations of dark
matter in a given sub-horizon volume, aL ≤ H−1, is sub-dominated and stable, which will
serves as the seeds for the super-horizon thermal perturbation we studied in next section.
Application Now we can apply above results to Big Bounce Genesis[22], in which the
thermal equilibrium and out-of-equilibrium productions of dark matter have been studied in
the generic bouncing universe scenario and a novel relation of cross-section and mass of dark
matter are predicted to satisfy the current astrophysical observations.
According to Big Bounce Genesis[22], in the radiation-dominated contracting and ex-
panding phases of a generic bouncing universe, the number density of dark matter is
nχ =
1− e−λ(1∓y)
1 + e−λ(1∓y)
n(0)χ , (3.7)
where y ≡ mχβ, λ ≡ 2pi2f〈σv〉mχ, f ≡ m
2
χ
4pi2
(|H|y2)−1 = 1.5 × 1026 eV, and ∓ denotes the
contracting and expanding phase respectively. ¯〈σv〉 and 〈σv〉 are the thermally-averaged
cross-section for dark matter particle, which is calculated in high temperature, β  mχ,
and low temperature, β  mχ, limits respectively. For the dark matter produced through
bosonic interaction, 〈σv〉 is a constant and ¯〈σv〉 = 14y2〈σv〉.
In the contracting phase(y → 0), the production processes of dark matter can be cat-
egorized into two different avenues, the thermal equilibrium production with nχ → n(0)χ and
the out-equilibrium production with nχ  n(0)χ , according to Eq.(3.7) . Specifically,
• Thermal equilibrium production: For λ  1, the production of dark matter is very
efficient. With Eq.(3.7), the abundance of dark matter achieves its thermal equilibrium
value, nχ → n(0)χ , during the contracting phase(y → 0);
• Out of equilibrium production: For λ 1, the production of dark matter is inefficient.
Again, with Eq.(3.7), we can find that in this case the abundance of dark matter is
much lower than its thermal equilibrium, nχ  n(0)χ .
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In [22], the dark matter candidates produced in both of these two avenues are proven to be
able to satisfy the current observations of cosmological energy density fraction (see [22–24]
for details). So we are studying the thermal fluctuation for both avenues in this paper, and
from now on, we will use the terminology of the large λ(λ  1) and small λ (λ  1) to
indicate the thermal equilibrium production and the out-equilibrium production respectively.
Substituting Eq.(3.7) into Eq.(3.3), the total energy of dark matter takes following form,
〈Eχ〉 = β−1
(
nχ
n
(0)
χ
)[
− ln
(
nχ
n
(0)
χ
)]
zχ =

β−1
λ(1∓ y)
2
ln
[
2
λ(1∓ y)
]
zχ, λ 1
β−12e−λ(1∓y)zχ, λ 1
. (3.8)
For both of the large λ and small λ cases, their coefficients involving λ are frozen in the
high temperature contracting phase (y → 0), and with Eq.(3.1) we also recall that zχ is
constant, so that their total energy of dark matter 〈Eχ〉 scales as β−1 exactly. It indicates
that the total energy of dark matter take a constant fraction among the total energy of the
radiation-dominated background in which Eγ also scales as β
−1 exactly.
4 Thermal Fluctuations of Dark Matter inside and beyond Hubble Hori-
zon
Essentially, the energy density of the thermal fluctuations of dark matter can be determined
by
〈δρχ〉2 = 〈δEχ〉
2
(aL)6
, (4.1)
and its power spectrum, P (k) ≡ (2pi2)−1k3δρ2k, can be extracted from the L-dependence of
δρχ by utilizing Fourier transformation.
However, this approach is only valid for the sub-horizon modes of the thermal fluctu-
ations due to two reasons. (1) The thermodynamic computations of 〈δEχ〉2 is done with a
“Hubble-adiabitiac” assumption that the wavelength of all modes is smaller than the length
of the given volume, a/k ≤ aL, i.e. k−1min = L, and the value of H is too small to affect
the evolution of these short wavelength mode, |H| < kmin/a = (aL)−1 ≤ k/a. (2) Cosmo-
logically, two points, which distance are larger than a Hubble horizon, are expected to be
uncorrelated, so that the correlations of these original thermal fluctuations only exist insides
the Hubble horizon, which also leads the requirement, H ≤ k/a. Even though these two
reasons give out two almost same conditions, we should keep their difference in mind. The
former reason concerns the modification of k-dependence of each thermodynamic quantity
with a non-zero H, and the latter one tells us that in which space time volume, the original
thermal fluctuations can emerge and correlate to each other. These two considerations are
coincident in an expanding phase, H > 0. But they are different in a contracting phase H < 0
in which the second condition is always satisfied 1. And we call (aH)−1 and |aH|−1 as Hub-
ble and effective horizon respectively when we need to distinguish them in some situations.
To sum up, studying the evolution of the super-horizon (|H| > k/a) thermal perturbation
modes requires a method beyond the conventional thermodynamics.
1A similar discussion can be also used to explain why an effective horizon |aH|−1 exits for the primordial
perturbation in the contracting phase of a bouncing universe, even though the Hubble horizon aH is obviously
“diverged”.
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In this paper, we propose a new scheme to investigate the evolution of both super-horizon
and sub-horizon thermal perturbation modes in the contracting and expanding phase of a
generic bouncing universe. This scheme consists of the following four steps.
• Step I: (Inside Horizon) Computing the sub-horizon modes of thermal fluctuations
of dark matter, δρk|k≥|aH|, by utilizing the conventional thermodynamics and the k− l
correspondence, kmin = L
−1, under Fourier transformation;
• Step II: (Beyond Horizon) Investigating the evolution of the super-horizon modes
of thermal perturbations, δρk|k≤|aH|, by deriving and solving their equation of motion
in long wavelength limit, and leaving the initial amplitude of these long wavelength
perturbations undetermined;
• Step III: (Matching on Horizon Crossing) As long as universe contracts, the ef-
fective horizon |aH|−1 shrinks, so that the previously sub-horizon modes will becomes
super-horizon after horizon crossing. Then we match the sub-horizon mode and the
super-horizon mode on the moment of horizon crossing, k = |aH|, to determine the
initial amplitude of the super-horizon thermal perturbations. Afterwards, the evolu-
tion of super-horizon thermal perturbation are fully determined during the contacting
phase;
• Step IV: (Matching on Bounce Point) Eventually, universe are bouncing from the
contracting phase to the expanding phase. By assuming the entropy of cosmological
background are conserved before and after bouncing point, the matching conditions on
the bouncing point are obtained. By utilizing these matching condition, the evolution of
super-horizon thermal perturbation can be also fully determined during the expanding
phase.
Following are the details of realization of these four steps.
4.1 Inside Horizon
As discussed before, the sub-horizon mode of thermal fluctuation can be described completely
by the conventional thermodynamics [68, 69]. The energy density of thermal fluctuation takes
δρ2L =
〈δEχ〉2
(aL)6
=
µ2eβµ
pi2β3
(aL)−3 , aL ≤ |H|−1 , (4.2)
where δρL is short for 〈δρχ〉aL with subscript aL denoting the physical length of the given
volume. The L-dependence of δρL implies the distribution of amplitude for thermal fluc-
tuation modes for each wavelength, which empowers us to go from the real space L to the
momentum space k,
δρ2L =
∫ ∞
kmin
k2dk
2pi2
δρ2k . (4.3)
By varying Eq.(4.3) with respect to l at l = L and k at k = kmin repectively,
∆(δρ2l )
∣∣
l=L
=
k2∆k
2pi2
δρ2k
∣∣∣∣
k=kmin
, (4.4)
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the power spectrum of the thermal fluctuation for the mode, which physical wavelength is
nearly equal to aL, is then obtained
δρ2kmin =
6pi2δρ2L
k3min
=
6µ2eβµ
(aβ)3
(4.5)
where we have used the relation kmin = L
−1 2. By taking L go from |aH|−1 to 0, we obtain
the power spectrum of the thermal fluctuations for all sub-horizon mode,
δρ2k =
6pi2δρ2L
k3
=
6µ2eβµ
(aβ)3
, k ≥ |aH| (4.6)
Now we turn our attention to derive and solve the equation of motion for the long
wavelength thermal perturbation mode.
4.2 Beyond Horizon
Much interesting issue of the thermal fluctuation of dark matter is the evolution of the super-
horizon mode, which can be written in terms of the spatial variance of number density and
average energy of the dark matter particle,
δρ˜χ(x, t) = δnχ(x, t)¯χ(t) + nχ(t)δ¯χ(x, t) (4.7)
where the˜on δρ denotes the super-horizon mode, ¯χ ≡ 〈Eχ〉/Nχ is the average energy for one
dark matter particle, and ¯χ = −β−1 ln(nχ/n(0)χ ) in the large temperature limit y → 0. Being
different from the sub-horizon thermal fluctuations originating from the thermal uncertainties
and correlations in the grand ensemble, the super-horizon thermal perturbations, δρ˜χ(x, t)
in Eq.(4.7), describes how the energy density varies with the spatial variance of underlying
physical quantities, such as local temperature and chemical potential.
Without loss of generality, we attributes all such thermal perturbation into the pertur-
bation of temperature,
β˜ = β + δβ(x, t) . (4.8)
Then we have
δn(0)χ (x, t) = −3n(0)χ β−1δβ(x, t) ,
δnχ(x, t) = nχ
(
µ− 3β−1) δβ(x, t) , (4.9)
and
δ¯χ(x, t) = −δµ(x, t) = 0 . (4.10)
By substituting Eq.(4.9) and Eq.(4.10) into Eq.(4.7), we obtain
δρ˜χ(x, t) = −nχµ
(
µ− 3β−1) δβ(x, t) . (4.11)
Then by solving the equation of motion of δβ, we can figure out the evolution of the super-
horizon thermal perturbation of dark matter δρ˜χ.
2A window function (see [69] for the details) can be used to get the value of δρk for the modes which wave
vector is much larger than kmin, k  kmin. And for the purpose of this paper, the approach taken at here is
adequate and more straightforward.
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Equation of Motion Expanding the Boltzmann equation, which governs the evolution
of dark matter in a generic bouncing universe,
d(n˜χa
3)
a3dt
= ¯〈σv〉
[(
n˜(0)χ
)2 − n˜2χ] , (4.12)
up to the first order, we obtain the dynamic equation for the number density fluctuations,
d(δnχa
3)
a3dt
= ¯〈σv〉
[
2n(0)χ δn
(0)
χ − 2nχδnχ
]
, (4.13)
where the A˜ includes the fluctuation and mean value of A, A˜ = A+ δA(x, t), and δA is short
for δA(x, t). Substituting Eq.(4.9) into Eq.(4.13), and using the zeroth order of Eq.(4.12), we
obtain the equation of motion for the temperature fluctuation caused by the dark matter3,
¯〈σv〉
[(
n(0)χ
)2 − n2χ] (µ− 3β−1) δβ + nχd (µ− 3β−1)dt δβ + nχ (µ− 3β−1) d(δβ)dt
= − ¯〈σv〉
[
6
(
n(0)χ
)2
β−1 + 2n2χ
(
µ− 3β−1)] δβ . (4.14)
By utilizing the relation a ∝ β in the radiation dominated phase to simplify Eq.(4.14), the
equation of motion for the thermal fluctuations is obtained,
∂(δβ)
∂t
+
dxj
dt
∂(δβ)
∂xj
+ Θδβ = 0 . (4.15)
where xj are spatial coordinates with j = 1, 2, 3, and Θ is defined as
Θ ≡
{
e−g(y) ¯〈σv〉 m
3
χ
pi2y3
[
1 + e2g(y) + 6(g(y)− 3)−1
]
− [1− g′y(g(y)− 3)−1]H
}
(4.16)
for short, g(y) ≡ ln
(
nχ/n
(0)
χ
)
, g′ ≡ dg(y)/dy, and H is the Hubble parameter, H = a˙/a.
Application In the high temperature limit y  1, Θ can be simplified to be,
Θ = Cy−1 −H , (4.17)
where
C =

m2χ
4pi4
(1∓ y)−1, λ 1
−(2 + pi
2)〈σv〉m3χ
3pi2
e−λ(1∓y), λ 1
(4.18)
where ∓ denotes the contracting and expanding phase respectively.
Concerning with the developing of thermal fluctuation of dark matter during its pro-
duction, we re-parameterize the physical time t by y. And using the relation a ∝ β in the
radiation dominated phase, we have
∂(δβ)
∂t
= Hy
∂(δβ)
∂y
. (4.19)
3In this paper, we focus on the thermal fluctuation of dark matter. The back-reaction from the scalar
perturbation of metric are ignored for simplification.
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By utilizing Eq.(4.19), Eq.(4.15) can be re-written in respect to y,
∂(δβ)
∂y
+
1
yH
dxj
dt
∂(δβ)
∂xj
+
Θ
yH
δβ = 0 . (4.20)
Furthermore, for the super-horizon mode of δβ which k ≤ |aH|−1, δβk, this equation can be
simplified further in long wavelength limit,
∂(δβk)
∂y
+
Θ
yH
δβk = 0 , (4.21)
with dropping out of the term ∂(δβk)/∂x
j .
Solving Eq.(4.21) with Eq.(4.17), we get
δβk(t) = δβk(t
∓
i )
y(t)
y(t∓i )
eQ(y) (4.22)
where
Q(y) =

1
pi2
ln
(
1∓ y(t∓i )
1∓ y
)
, λ 1
2(2 + pi2)
3pi2
[
e−λ(1∓y(t
∓
i )) − e−λ(1∓y)
]
, λ 1
(4.23)
and we re-label each quantity A by the physical time t as A(t), and ti is the moment of each
super-horizon mode initiated on, and again the ∓ denotes the contracting and expanding
phase respectively.
In the high temperature limit, y  1, eQ(y) = 1 for λ  1 and λ  1 in both of the
contracting and expanding phases. Therefore, the perturbation of temperature evolves as
following,
δβk(t) = δβk(t
∓
i )
y(t)
y(t∓i )
, (4.24)
which is linear to β. Under Fourier transformations, Eq.(4.11) becomes
δρ˜k(t) = −nχµ
(
µ− 3β−1) δβk(t) . (4.25)
By substituting Eq.(4.24) into Eq.(4.25) and Eq.(4.7), the energy density perturbation takes
following form,
δρ˜k(t) = −nχµ
(
µ− 3β−1) y(t)
y(ti)
δβk(ti)
=
nχ(t)µ(t)
(
µ(t)− 3β(t)−1)
nχ(t
∓
i )µ(t
∓
i )
[
µ(t∓i )− 3β(t∓i )−1
] y(t)
y(t∓i )
δρ˜k(t
∓
i ). (4.26)
Therefore, if one can figure out the initial value of δρ˜k and β, i.e. δρ˜k(t
∓
i ) and β(t
∓
i ), in the
contracting and expanding phases respectively, by utilizing the matching conditions on the
horizon crossing moment and bounce point, the evolution of the evolution of super-horizon
thermal perturbation mode, δρ˜k, can be then fully determined.
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Before turning our attention to study the matching condition on horizon crossing, we
are simplifying Eq.(4.26) in further by utilizing Eq.(3.7) that nχ/n
0
χ is frozen in the range of
y  1. Then Eq.(4.26) becomes
δρ˜k(t) =
(
β(t∓i )
β(t)
)4
δρ˜k(t
∓
i ) . (4.27)
According to Eq.(4.27), during the contracting and expanding phase of the bouncing universe,
each super-horizon mode scales as β−4 and will not ruin the evolution of radiation-dominated
background, which is also scaling as β−4.
4.3 Matching Conditions on Horizon Crossing
During the contracting phase of universe, the effective horizon of universe shrinks, so that
more and more sub-horizon modes of thermal fluctuations cross the horizon and become
super-horizon thermal perturbation.
The sub-horizon modes of thermal fluctuations with different value of k will cross the
effective horizon at different time. And the moment of each mode crossing the effective
horizon is just the time of its corresponding super-horizon mode initiated, t−i , during the
contracting phase. The horizon crossing condition is,
k = |aH|t=t−i , (4.28)
which leads β(ti) =
C0
4pi2f
k−1 with C0 ≡ aiβi = 0.752 × 10−5eV. And also the initial value of
each super-horizon mode is determined by the value of sub-horizon mode at horizon crossing,
δρ˜2k(t
−
i ) = δρ
2
k
∣∣
k=|aH| =
6µ2eβµ
(aβ)3
∣∣∣∣
t=t−i
, (4.29)
where we have used Eq.(4.6) with taking k = |aH| at t = t−i .
Contracting Phase Substituting the two matching conditions, Eq.(4.28) and Eq.(4.29),
on the horizon crossing into Eq.(4.27), the evolution of super-horizon mode of thermal per-
turbation in the contracting phase is fully determined,
δρ˜k(t) =
(
1
β(t)
)4√√√√ n−χi
n
(0)−
χi
ln
(
n−χi
n
(0)−
χi
) √
6
C
3
2
0
=

(
1
β(t)
)4 √6
C
3
2
0
λ
2
ln
(
2
λ
)
, λ 1
(
1
β(t)
)4 √6
C
3
2
0
2e−λ, λ 1
. (4.30)
It turns out that the amplitude of thermal perturbation of dark matter are dependent on
the value of λ ≡ 2pi2f〈σv〉mχ, i.e. the value of its cross-section and mass. And the two
avenues of dark matter production in bouncing cosmology, thermal equilibrium production
and out-of-equilibrium production, can be distinguished in the level of thermal perturbation.
4.4 Matching Conditions on Bouncing Point
We have obtained the evolution of super-horizon mode of thermal perturbation in contract-
ing phase, Eq.(4.30), by utilizing the horizon crossing matching conditions, Eq.(4.28) and
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Eq.(4.29). To get the evolution of these super-horizon mode in the expanding phase, we need
one more pair of matching conditions on the bouncing point.
Expanding Phase Universe continues to be contracting until the bounce taking place.
And after the bounce, universe evolves into the expanding phase 4. By assuming the entropy
of the bounce are conserved [50], we have an additional pair of matching condition on the
bounce,
β(t−f ) = β(t
+
i ) (4.31)
and
δρ˜k(t
−
f ) = δρ˜k(t
+
i ) (4.32)
where t−f is the moment of the contracting phase ending.
Substituting Eq.(4.31), Eq.(4.32) and Eq.(4.30) into Eq.(4.27), we obtain the evolution
of super-horizon mode of thermal perturbation during the expanding phase,
δρ˜k(t) =
(
1
β(t)
)4√√√√ n−χi
n
(0)−
χi
ln
(
n−χi
n
(0)−
χi
) √
6
C
3
2
0
=

(
1
β(t)
)4 √6
C
3
2
0
λ
2
ln
(
2
λ
)
, λ 1
(
1
β(t)
)4 √6
C
3
2
0
2e−λ, λ 1
. (4.33)
which have a same appearance of it in contracting phase.
5 Stability of the Super-horizon Thermal Fluctuation of Dark Matter
According to Eq.(4.27), the energy density of each super-horizon mode increases at the same
rate of the radiation dominated background, δρ˜k ∝ ργ ∝ β−4, where ργ is the energy density
of cosmological background. It implies that, for each super-horzion mode, it does not ruin
the evolution of background. However, as long as universe contracting, more and more
thermal fluctuation modes become super-horzion. The accretion of super-horizon modes
may substantially contribute to the energy density bills at the end of contracting phase
t = t−f = tb,
δρ˜2(tb) =
∫ kb
0
k2dk
2pi2
δρ˜2k(tb) = β
−11
b
n−χi
n
(0)−
χi
[
ln
(
n−χi
n
(0)−
χi
)]2
1
64pi8f3
,
where we have used the relation βb =
C0
4pi2f
k−1b in last step.
The energy density of perturbation should be sub-dominated among the total energy
density of cosmological background,
δρ˜2(tb)
ρ2γ(tb)
< 1 (5.1)
4The details of the bounce, which mostly relies on more fundamental theories such as string theory and
quantum loop gravity, is model-dependent. However in general, the duration of the bounce is much shorter
than the time-scale of dark matter production and the evolution of its thermal perturbations, i.e. t−f ' tb ' t+i ,
where t−f , t
+
i and tb are, respectively, the moments of the contracting phase ending, the expanding phase
beginning and the bounce taking place. Therefore, the effect on the evolution of thermal perturbation during
the bounce is a sub-leading, which we have ignored for simplification.
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which leads a constraint on the highest temperature of bounce,
1
(βbMp)3
4f
Mp
n−χi
n
(0)−
χi
[
ln
(
n−χi
n
(0)−
χi
)]2
< 1 . (5.2)
Numerically, (n−χi/n
(0)−
χi )
[
ln(n−χi/n
(0)−
χi )
]2 ≤ O(1) and 4fMp = 0.14 ∼ O(1), so that this con-
straints can be satisfied until the background temperature approach to Planck scale,
βbMp ≤ O(1) =⇒ Tb ≤Mp . (5.3)
It is proven that the evolution of super-horizon mode of dark matter thermal perturbation
is stable and does not ruin out the cosmological background of a generic bouncing universe
till Planck scale.
6 Summary
In this paper, we present a detailed analysis of the thermodynamic nature and perturbative
properties of dark matter in a generic bouncing universe scenario.
Firstly, by applying the conventional thermodynamics to big bounce genesis, we work
out the total energy and total energy fluctuations of dark matter, which is dependent on
its cross-section, mass and background temperature, in a given sub-horizon volume of the
bouncing cosmological background. We show that, for the whole evolution of the bouncing
universe, the total energy of dark matter is sub-dominated and takes a nearly constant
fraction among the total energy of cosmological background in the sub-horizon volume.
Moreover, for the super-horizon perturbation of dark matter that can not be described
by the the conventional thermodynamics in Hubble adiabatic approximation, we propose
an integrated scheme to investigate the evolution of both super-horizon and sub-horizon
thermal perturbation modes in the contracting and expanding phase of a generic bouncing
universe. We explicitly derive and solve the equation of motion for the super-horizon thermal
perturbations of dark matter. Then by utilizing the two group of matching conditions on the
horizon-crossing and bouncing point respectively, the whole evolution of the super-horizon of
dark matter thermal perturbations are fully determined in both contracting and expanding
phases of a generic bouncing universe. And we prove that the evolution of super-horizon
mode of dark matter thermal perturbation is stable and does not ruin out the cosmological
background of a generic bouncing universe till Planck scale.
To summarize, with the results presented in this paper, there are more works are worthy
of being carried out in further for the issues of the thermodynamic nature and perturbative
properties of dark matter in a generic bouncing universe scenario. We have determined the
evolution of thermal perturbation of dark matter in the high temperature limit, y  1,
in which Q(y) = 1 at Eq.(4.23). But for the perturbations which exit effective horizon
around y ' 1, Q(y) is not generically equal to 1. The numerical approach of this case may
provide new signatures and physical implication for the the perturbations in big bounce
genesis. Moreover, according to the results of this paper, Eq.(4.30) and Eq.(4.33) , the two
avenues of dark matter production in bouncing cosmology, thermal equilibrium production
and out-of-equilibrium production, can be distinguished in the level of thermal perturbation.
Furthermore, such results of thermal perturbation also can be used to distinguish the thermal
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production avenue in bouncing cosmology and WIMP(-less) miracles in the inflation scenario
even though they are degenerate in number density of dark matter.
Furthermore, an analysis of the effects of such super-horizon thermal fluctuations of dark
matter on the formation of large scale structure, clusters, galaxies and primordial blackhole
is worthy to be investigated in near future [70–78]. And the back-reaction from the curva-
ture perturbation, which may be subheading, also should be taken account in further study.
Therefore, how to utilize these results to check against the data from astrophysical observa-
tions becomes a very exciting research issue.
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